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i=1Mi , where Mi are Einstein
spaces (i ≥ 1), is considered. The action contains m = 2n − 1 dilatonic scalar fields ϕI and m
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1 Introduction
Recently a growth of interest to D = 11 sypergrav-
ity [1, 2] arouse. This growth was stimulated mainly
by a suggestion that there exists a new ”fundamental”
theory, so-called ”M-theory” [4]-[6], which generalizes
all known string theories [3] and whose low energy limit
is D = 11 supergravity. M -theory describes (amongst
other things) two supersymmetric extended objects:
supermembrane (with two spatial dimensions) and su-
perfivebrane (with five spatial dimensions). There ex-
ists also a conjecture about existing of other funda-
mental 12-dimensional theory, so-called F -theory [7].
Exact solutions, especially so-called p-brane solu-
tions [9]-[33] play a rather important role in investi-
gation of superstrings in various dimensions and its
relation to M -theory.
A simplest p-brane solution has the following form
[9], [15]-[17]
g = Hα[δabdx
a ⊗ dxb +Hβηmndy
m ⊗ dyn], (1.1)
where m,n = 0, . . . , p ; α , β are some parameters and
H = H(x) is harmonic function. Here p = 1 corre-
sponds to string, p = 2 to membrane etc. For p = 0
in (1.1) we usually get an extremal black hole or multi-
center generalization a la Majumdar-Papapetrou [34].
The solution (1.1) occurs in the model with (1 + p)-
form A ”proportional” to the volume form on R1+p .
In this paper we consider the generalization of the
solutions (1.1) to multimembrane case for arbitrary
dimension, when the action of the model (see (2.1)
below) contains metric, set of dilatonic scalar fields
ϕI and (antisymmetric) forms AI , I ∈ Ω, interact-
ing by exponential dilatonic coupling. Actions of such
type effectively occur in various supergravity models
[1, 2, 22], when certain classes of pure bosonic solu-
tions are considered. Here we consider the ”multidi-
mensional space-time” in the product form M =M0×∏n
i=1Mi , where M0 is ”our space” and Mi (i ≥ 1)
are internal (originally Einstein) spaces. All mani-
folds Mν , ν ≥ 0 are oriented and connected. We
say that the submanifold MI = Mi1 × . . . × Mik ,
1 ≤ i1 < . . . < ik ≤ n , forms a p-brane if there exists
a solution with a non-zero form AI ”proportional” to
the volume form of MI (see (2.17)). We consider the
simplest case when scale factors of the metric and all
fields depend (essentially) on the point of M0 , i.e. the
isotropic case is considered. The solutions of such type
(mainly with flat internal spaces Mi ) governed by sev-
eral harmonics functions are intensively studied in lit-
erature (see, for example, [18]-[23]). But, to our knowl-
edge, authors do not use regular (general) schemes for
obtaining such solutions. For example, in [19] a lot of
interesting overlapping supersymmetric p-brane solu-
tions were obtained using so-called ”harmonic function
rules” (inspired by supersymmetry arguments).
In this paper we consider a general scheme based
on σ -model approach. (The σ -model corresponding
to pure gravitational isotropic model with n Einstein
internal spaces was studied in [35]-[38]. Thus, here as
in ref. [38] we extend our investigations of multidimen-
sional cosmology [43] to gravitational case.) In Sect.
2 we describe the model and obtain its σ -model rep-
resentation. In Sect. 3 the non-exceptional case d0 =
dimM0 6= 2 is considered. In this case the Einstein-
Pauli (EP) frame exists [35]-[38]. When all internal
spaces Mi are Ricci-flat and cosmological term is zero,
the σ -model in EP frame has a rather simple form al-
lowing to obtain certain ”Majumdar-Papapetrou (MP)
type” solutions (see Proposition 1) and as a conse-
quence to get a family of ”MP-type” solutions in the
considered model (3.35)-(3.41). The solutions are la-
belled by sets Ω∗ ⊂ Ω, where Ω is defined in (2.16).
We get restrictions on dilatonic couplings, dimensions
of membranes d(I) = dimMI and its signature pa-
rameters ε(I) = ±1 (2.31), I ∈ Ω∗ . In Sect. 4 we
present the metric in the form generalizing Tseytlin’s
”harmonic function rules”. We also consider some spe-
cial classes of solutions: i) in arbitrary dimensions
(based on solutions of two Diophantus equations); ii)
for D = 11 supergravity (e.g. solution with seven Eu-
clidean intersecting 2-branes). We also consider the
”multi-block” generalization of the solutions from refs.
[32, 33] containing the maximal p-brane (or monopole
in dual version).
2 The model
We consider the model governed by the action
S =
1
2κ2
∫
M
dDz
√
|g|{R[g]− 2Λ
−
∑
I∈Ω
[gMN∂Mϕ
I∂Nϕ
I
+
1
nI !
exp(2λJIϕ
J )(F I)2g]}+ SGH , (2.1)
where g = gMNdz
M ⊗ dzN is the metric, ϕI is dila-
tonic scalar field,
F I = dAI =
1
nI !
F IM1...MnI
dzM1 ∧ . . . ∧ dzMnI (2.2)
is nI -form (nI ≥ 2) on D -dimensional manifold M ,
Λ is a cosmological constant and λJI ∈ R , I, J ∈ Ω.
In (2.1) we denote |g| = | det(gMN )| ,
(F I)2g = F
I
M1...MnI
F IN1...NnI
gM1N1 . . . gMnINnI , (2.3)
I ∈ Ω, and SGH is the standard Gibbons-Hawking
boundary term [42]. This term is essential for a quan-
tum treatment of the problem. Here Ω is a non-empty
finite set. The action (2.1) with Λ = 0 and equal
nI was considered recently in [25]. (For supergravity
models with different nI see also [22])
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The equations of motion corresponding to (2.1)
have the following form
RMN −
1
2
gMNR = TMN − ΛgMN , (2.4)
△[g]ϕJ −
∑
I∈Ω
λJI
nI !
exp(2λKIϕ
K)(F I)2g = 0, (2.5)
∇M1 [g](exp(2λKIϕ
K)F I,M1...MnI ) = 0, (2.6)
I, J ∈ Ω. In (2.4)
TMN =
∑
I∈Ω
[Tϕ
I
MN + exp(2λJIϕ
J )TF
I
MN ], (2.7)
where
Tϕ
I
MN = ∂Mϕ
I∂Nϕ
I −
1
2
gMN∂Pϕ
I∂PϕI , (2.8)
TF
I
MN =
1
nI !
[−
1
2
gMN (F
I)2g
+ nIF
I
MM2...MnI
F
I,M2...MnI
N ]. (2.9)
In (2.5), (2.6) △[g] and ▽[g] are Laplace-Beltrami and
covariant derivative operators respectively correspond-
ing to g .
Let us consider the manifold
M = M0 ×M1 × . . .×Mn, (2.10)
with the metric
g = e2γ(x)g0 +
n∑
i=1
e2φ
i(x)gi, (2.11)
where
g0 = g0µν(x)dx
µ ⊗ dxν (2.12)
is a metric on the manifold M0 and g
i = gmini(yi)dy
mi
i ⊗
dynii is a metric on Mi satisfying the equation
Rmini [g
i] = λig
i
mini , (2.13)
mi, ni = 1, . . . , di ; λi = const, i = 1, . . . , n . Thus,
(Mi, g
i) are Einstein spaces. The functions γ, φi :
M0 → R are smooth. Here we denote dν = dimMν ,
ν = 0, . . . , n .
We claim any manifold Mν to be oriented and con-
nected, ν = 0, . . . , n . Then the volume di -form
τi =
√
|gi(yi)| dy
1
i ∧ . . . ∧ dy
di
i , (2.14)
and signature parameter
ε(i) = sign(det(gimini)) = ±1 (2.15)
are correctly defined for all i = 1, . . . , n .
Let Ω from (2.1) be a set of all ordered (non-empty)
subsets of (1, . . . , n), i.e.
Ω = Ω(n) ≡
{(1), (2), . . . , (n), (1, 2), . . . , (1, 2, . . . , n)}. (2.16)
Clearly, that the number of elements in Ω is |Ω| =
2n − 1.
For any I = (i1, . . . , ik) ∈ Ω, i1 < . . . < ik , we put
in (2.2)
AI = ΦIτi1 ∧ . . . ∧ τik , (2.17)
where functions ΦI :M0 → R are smooth, I ∈ Ω, and
τi are defined in (2.14). In components relation (2.17)
reads
AIP1...Pd(I)(x, y) =
ΦI(x)
√
|gi1(yi1)| . . .
√
|gik(yik)| εP1...Pd(I) , (2.18)
where
d(I) ≡ di1 + . . .+ dik =
∑
i∈I
di (2.19)
is dimension of the oriented manifold
MI = Mi1 × . . .×Mik , (2.20)
and indices P1, . . . , Pd(I) correspond to MI .
It follows from (2.17) that
F I = dAI = dΦI ∧ τi1 ∧ . . . ∧ τik , (2.21)
or, in components,
F IµP1...Pd(I) = −F
I
P1µ...Pd(I)
= . . . =
∂µΦ
I
√
|gi1 | . . .
√
|gik | εP1...Pd(I) . (2.22)
It follows from (2.21) that
nI = d(I) + 1, (2.23)
I ∈ Ω.
Remark 1. It is more correct to write in (2.11) gˆα
instead gα , where gˆα = p∗αg
α is the pullback of the
metric gα to the manifold M by the canonical projec-
tion: pα : M → Mα , α = 0, . . . , n . Analogously, we
should write ΦˆI and τˆi instead Φ
I and τi in (2.17)
and (2.21) respectively. In what follows we omit all
”hats” in order to simplify notations.
For dilatonic scalar fields we put
ϕI = ϕI(x), (2.24)
I ∈ Ω. Thus, we consider Ansatz when all fields are
essentially depending on points of M0 .
The nonzero Ricci tensor components for the metric
(2.11) are following [38]
Rµν [g] = Rµν [g
0] + g0µν
[
−∆0γ + (2− d0)(∂γ)
2
− ∂γ
n∑
j=1
dj∂φ
j ] + (2− d0)(γ;µν − γ,µγ,ν)
−
n∑
i=1
di(φ
i
;µν − φ
i
,µγ,ν − φ
i
,νγ,µ + φ
i
,µφ
i
,ν), (2.25)
Rmini [g] = Rmini [g
i]− e2φ
i
−2γgimini
{
∆0φ
i
+ (∂φi)[(d0 − 2)∂γ +
n∑
j=1
dj∂φ
j ]
}
, (2.26)
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Here ∂β ∂γ ≡ g0 µνβ,µγ,ν and ∆0 is the Laplace-
Beltrami operator corresponding to g0 . The scalar
curvature for (2.11) is [38]
R[g] =
n∑
i=1
e−2φ
i
R[gi] + e−2γ
{
R[g0]−
n∑
i=1
di(∂φ
i)2
− (d0−2)(∂γ)
2 − (∂f)2 − 2∆0(f + γ)
}
, (2.27)
where
f = f(γ, φ) = (d0 − 2)γ +
n∑
j=1
djφ
j . (2.28)
Using (2.25) and (2.26), it is not difficult to verify
that the field equations (2.4)-(2.6) for the field configu-
rations from (2.11), (2.21) and (2.24) may be obtained
as the equations of motion corresponding to the action
Sσ = Sσ[g
0, γ, φ, ϕ,Φ]
=
1
2κ20
∫
M0
dd0x
√
|g0| ef(γ,φ)
{
R[g0]
−
n∑
i=1
di(∂φ
i)2 − (d0 − 2)(∂γ)
2 + (∂f)∂(f + 2γ)
+
n∑
i=1
λidi e
−2φi+2γ − 2Λ e2γ − L
}
, (2.29)
where
L = L[g0, φ, ϕ,Φ] =
∑
I∈Ω
[(∂ϕI)2
+ ε(I) exp(2λJIϕ
J − 2
∑
i∈I
diφ
i)(∂ΦI)2], (2.30)
|g0| = | det(g0µν)| and similar notations are applied to
the metrics gi , i = 1, . . . , n . In (2.30)
ε(I) ≡ ε(i1)× . . .× ε(ik) = ±1 (2.31)
for I = (i1, . . . , ik) ∈ Ω (i1 < . . . < ik ).
For finite internal space volumes (e.g. compact Mi )
Vi =
∫
Mi
ddiyi
√
|gi| < +∞, (2.32)
the action (2.29) (with L from (2.30) ) coincides with
the action (2.1), i.e.
Sσ[g
0, γ, φ, ϕ,Φ] = S[g(g0, γ, φ), ϕ, F (Φ)], (2.33)
where g = g(g0, γ, φ) and F = F (Φ) are defined by
the relations (2.11) and (2.21) respectively and
κ2 = κ20
n∏
i=1
Vi. (2.34)
This may be readily verified using the following rela-
tion for the scalar curvature (2.27) [38]:
R[g]=
n∑
i=1
e−2φ
i
R[gi] + e−2γ
{
R[g0]−
n∑
i=1
di(∂φ
i)2
− (d0 − 2)(∂γ)
2 + (∂f)∂(f + 2γ) +RB
}
, (2.35)
where
RB = (1/
√
|g0|) e−f∂µ[−2 e
f
√
|g0|g0 µν∂ν(f + γ)]
(2.36)
gives rise to the Gibbons-Hawking boundary term
SGH =
1
2κ2
∫
M
dDz
√
|g|{− e−2γRB}. (2.37)
We note that the second term in (2.30) appears due to
the following relation (see (2.22))
1
nI !
(F I)2g = ε(I) exp(−2γ− 2
∑
i∈I
diφ
i)(∂ΦI)2.(2.38)
3 Exact solutions
Let us consider the case d0 6= 2. In order to sim-
plify the action (2.29), we use, as in ref. [38], for d0 6= 2
the gauge
γ = γ0(φ) =
1
2− d0
n∑
i=1
diφ
i. (3.1)
It means that f = f(γ0, φ) = 0, or the conformal
Einstein-Pauli frame is used. (This frame does not
exist for d0 = 2.) For the cosmological case d0 = 1,
g0 = −dt⊗ dt and (3.1) corresponds to the harmonic-
time gauge [39, 40]. ¿From (2.29), (2.30), (3.1) we get
S0[g
0, φ, ϕ,Φ] = Sσ[g
0, γ0(φ), φ, ϕ,Φ] =
1
2κ20
∫
M0
dd0x
√
|g0|
{
R[g0]
−Gijg
0 µν∂µφ
i∂νφ
j − 2V (φ) −
∑
I∈Ω
[
(∂ϕI)2
+ ε(I) exp(2λJIϕ
J − 2
∑
i∈I
diφ
i)(∂ΦI)2
]}
, (3.2)
where
Gij = diδij +
didj
d0 − 2
(3.3)
are the components of the (”pure gravitational”) ”midis-
uperspace” metric on Rn [38] (or gravitational part of
target space metric), i, j = 1, . . . , n , and
V = V (φ) = Λ e2γ0(φ) − 12
n∑
i=1
λidi e
−2φi+2γ0(φ) (3.4)
is the potential. Thus, we are led to the action of a
self-gravitating σ model on M0 with a (n + 2|Ω|)-
dimensional target space ( |Ω| = 2n − 1) and a self-
interaction described by the potential (3.4).
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3.1. σ -model with zero potential.
Now we consider the case λi = Λ = 0, i.e. all spaces
(Mi, g
i) are Ricci-flat, i = 1, . . . , n , and cosmological
constant is zero. In this case the potential (3.4) is
trivial V = 0 and we are led to the σ -model with the
following action.
Sσ =
∫
M0
dd0x
√
|g0|
{
R[g0]− GˆAB∂σ
A∂σB
−
∑
I∈Ω
ε(I) exp(2LAIσ
A)(∂ΦI)2
}
, (3.5)
where we put 2κ20 = 1. In (3.5) (σ
A) = (φj , ϕJ) ∈
RN , where N = n+m , m = |Ω| = 2n − 1,
Gˆ =
(
GˆAB
)
=
(
Gij 0
0 δIJ
)
(3.6)
is non-degenerate (block-diagonal) N ×N -matrix and
L = (LAI) =
(
ljI
λJI
)
(3.7)
is N ×m-matrix with
ljI = −
∑
i∈I
diδ
i
j , (3.8)
i, j = 1, . . . , n , I, J ∈ Ω.
The equations of motion corresponding to the σ -
model action (3.5) are following
Rµν [g
0] = GˆAB∂µσ
A∂νσ
B
+
∑
I∈Ω
ε(I) exp(2LAIσ
A)∂µΦ
I∂νΦ
I , (3.9)
GˆAB△[g
0]σB
−
∑
I∈Ω
ε(I)LAI exp(2LAIσ
A)(∂ΦI)2 = 0, (3.10)
∂µ
(√
|g0|g0µν exp(2LAIσ
A)∂νΦ
I
)
= 0, (3.11)
A = 1, . . . , N ; I ∈ Ω.
Now we present a special class of solutions to
field equations (3.9)-(3.11) (of Majumdar-Papapetrou
type).
Proposition 1. Let Ω∗ ⊂ Ω be a non-empty set
of indices such that there exist a set of real non-zero
numbers νI , I ∈ Ω∗ (νI ∈ R \ {0}) satisfying the rela-
tions
(LT Gˆ−1L)IJ = −ε(I)(νI)
−2δIJ , (3.12)
I, J ∈ Ω∗ . Then the following field configuration
Rµν [g
0] = 0, (3.13)
σA =
∑
I∈Ω∗
αAI lnHI + σ
A
0 , (3.14)
ΦI =
νI exp(−LAIσA0 )
HI
, I ∈ Ω∗, (3.15)
ΦI¯ = C¯I¯ = const, I¯ ∈ Ω \ Ω∗ (3.16)
σA0 = const, A = 1, . . . , N , satisfies the field equations
(3.9)-(3.11) if
αAI = −Gˆ
ABLBIε(I)(νI)
2, (3.17)
(A = 1, . . . , N ; I ∈ Ω∗ ) νI satisfy (3.12) and functions
HI = HI(x) > 0 are harmonic, i.e.
△[g0]HI = 0, (3.18)
I ∈ Ω∗ .
In (3.17) we use the notation (GˆAB) = (GˆAB)
−1 .
The Proposition 1 may by proved immediately by a
substitution of (3.12)-(3.18) into the equations of mo-
tion (3.9)-(3.11).
Note that the relation (3.12) may be written in the
following form
(LI , LJ) = −ε(I)(νI)
−2δIJ , (3.19)
I, J ∈ Ω∗ , where
LI = (LAI) ∈ R
N (3.20)
and
(X,Y ) ≡ XAGˆ
ABXB (3.21)
is non-degenerate (real-valued) quadratic form. Thus,
due to (3.19) the set of vectors (LI , I ∈ Ω∗ ) is or-
thogonal one and any (LI , LI) have the opposite sign
to ε(I), I ∈ Ω∗ . Clearly, if quadratic form (3.21) is
positively definite (for our model this takes place for
d0 > 2), then ε(I) < 0 for all I ∈ Ω∗ .
Now, we apply the Proposition 1 to the consid-
ered here model with Ricci-flat spaces (Mi, g
i), i =
1, . . . , n , and zero cosmological constant. From (3.6),
(3.7) and (3.21) we get
(LI , LJ) = 〈 lI , lJ 〉∗ +
~λI~λJ , (3.22)
I, J ∈ Ω, where vectors
lI = (ljI) ∈ R
n (3.23)
are defined in (3.8) and
~λI = (λJI) ∈ R
m, (3.24)
I ∈ Ω (m = |Ω|). In (3.22)
〈u, v 〉
∗
≡ uiG
ijvj (3.25)
is a quadratic form on Rn . Here, as in [38],
Gij =
δij
di
+
1
2−D
(3.26)
are components of the matrix inverse to the matrix
(Gij) in (3.3).
The calculation gives us the relation
〈 lI , lJ 〉∗ = d(I ∩ J) +
d(I)d(J)
2−D
, (3.27)
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I, J ∈ Ω. Here, like in relation i ∈ I , we identify the
ordered set I = (i1, . . . , ik), i1 < . . . < ik , with the
corresponding set {i1, . . . , ik} . In (3.27) d(∅) = 0.
Due to (3.19), (3.22) and (3.27) the relation (3.12)
reads
d(I ∩J)+
d(I)d(J)
2−D
+~λI~λJ = −ε(I)(νI)
−2δIJ(3.28)
I, J ∈ Ω∗ .
For coefficients αAI from (3.17) we get
αiI =
(∑
j∈I
δij +
d(I)
2−D
)
ε(I)(νI)
2, (3.29)
αJI = −λJIε(I)(νI)
2, (3.30)
I ∈ Ω∗ , J ∈ Ω, i = 1, . . . , n .
Relations (3.14) ((σA) = (φj , ϕJ)) read
φi =
∑
I∈Ω∗
αiI lnHI + φ
i
0, (3.31)
ϕJ =
∑
I∈Ω∗
αJI lnHI + ϕ
J
0 , (3.32)
J ∈ Ω; i = 1, . . . , n . These relations imply for γ from
(3.1)
γ =
∑
I∈Ω∗
α0I lnHI + γ0(φ0), (3.33)
where
α0I =
d(I)
2−D
ε(I)(νI)
2, (3.34)
I ∈ Ω∗ .
3.2. The solution.
Thus we obtained the following solutions to equations
of motion (2.4)-(2.6) with Λ = 0 defined on the mani-
fold (2.10):
g = c20
( ∏
I∈Ω∗
H
2α0
I
I
)
g0 +
n∑
i=1
c2i
( ∏
I∈Ω∗
H
2αi
I
I
)
gi(3.35)
Ric[g0] = Ric[g1] = . . . = Ric[gn] = 0, (3.36)
ϕJ = −
∑
I∈Ω∗
λJIε(I)(νI)
2 lnHI + ϕ
J
0 , (3.37)
AI =
νI
DIHI
τI , I ∈ Ω∗, (3.38)
AI¯ = C¯I¯τI¯ , I¯ ∈ Ω \Ω∗ (3.39)
where c0, ci, DI > 0, ϕ
J
0 , C¯I¯ are constants satisfying
c2−d00 =
n∏
i=1
cdii , (3.40)
DI =
∏
i∈I
c−dii exp(λJIϕ
J
0 ), (3.41)
τI = τi1 ∧ . . . ∧ τik , for I = (i1, . . . , ik), τi are de-
fined in (2.14), parameters νI 6= 0, ~λI = (λJI) and
ε(I) = ±1 (see (2.31) ) satisfy the relation (3.28), pa-
rameters αiI , α
0
I are defined in (3.29), (3.34), and func-
tions HI = HI(x) > 0, are harmonic on (M0, g
0), i.e.
△[g0]HI = 0, I ∈ Ω∗ . In (3.36) Ric[g
ν ] is Ricci-tensor
corresponding to gν .
d0 = 2 case. We note that, although the presented
here solution was obtained for d0 6= 2, it is valid also
for d0 = 2. It may be verified by a straightforward
substitution of presented above relations into equations
of motions or using the σ -model representation (2.29)
for d0 = 2.
Due to (3.37)
exp(2~λI′(~ϕ− ~ϕ0)) =
∏
I∈Ω∗
H
−2ε(I)ν2
I
~λ
I′
~λI
I , (3.42)
I ′ ∈ Ω, where ~ϕ = (ϕI).
Proposition 2. For d0 ≥ 2 eqs. (3.28) imply
ε(I) = −1 (3.43)
for all I ∈ Ω∗ .
Proof. Let us suppose that ε(I) = 1 for some
I ∈ Ω∗ . Then due to (3.28)
d(I) +
(d(I))2
2−D
=
d(I)
D − 2
(D − 2− d(I)) < 0 (3.44)
or, equivalently,
D − 2− d(I) = d0 − 2 + d(I0)− d(I) < 0, (3.45)
where here and below
I0 ≡ {1, . . . , n}, (3.46)
is the maximal element in Ω. But due to d(I0)−d(I) ≥
0 and d0 ≥ 2, (3.45) is never satisfied. This proves the
proposition.
Remark 2. It follows from (3.28) and (3.45) that
ε(I) = 1 may take place only if: d0 = 1, I = I0 and
~λ2I < (D − 1)/(D − 2).
Thus, it follows from Proposition 1 and Remark 2
that the case of negative ε(I) is rather general one.
4 Special solutions
In this section we consider the solutions with ε(I) =
−1 for all I ∈ Ω∗ . From (3.29), (3.34) and (3.35) we
get in this case
g =
( ∏
I∈Ω∗
H
−2d(I)ν2
I
I
)1/(2−D)
×
×
{
g0 +
n∑
i=1
( ∏
I∈Ω∗, I∋i
H
−2ν2
I
I
)
gi
}
, (4.1)
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Here we put for simplicity c0 = ci = 1 in (3.35).
(As usual
∏
∅
. . . ≡ 1). Relations (3.28) read
(νI)
−2 = d(I) +
(d(I))2
2−D
+ ~λ2I , (4.2)
d(I ∩ J) +
d(I)d(J)
2−D
+ ~λI~λJ = 0, I 6= J, (4.3)
I, J ∈ Ω∗ .
4.1. The case of orthogonal ~λI
.
Here we consider the case, when
~λI~λJ = 0, I 6= J, (4.4)
I, J ∈ Ω∗ . ¿From (4.3) we get
d(I ∩ J) =
d(I)d(J)
D − 2
, I 6= J, (4.5)
I, J ∈ Ω∗ .
Here an interesting problem arises: for given n and
d0, d1, . . . , dn ∈ N to find Ω∗ ⊂ Ω such that (4.5) is
satisfied.
Remark 3. It follows from (4.5) that I∩J 6= ∅ for
all I, J ∈ Ω∗ , i.e. any two membranes are intersecting.
In D = ∞ case, when all sets are finite, we obtain
I ∩ J = ∅ , I 6= J , I, J ∈ Ω∗ (membranes are non-
intersecting).
Here we consider a simple configuration for n ≥ 3:
d1 = . . . = dn−1 = d, (4.6)
Ω∗ = {(1, n), . . . , (n− 1, n)}, (4.7)
ε(1) = . . . = ε(n− 1) = −ε(n). (4.8)
(The condition (3.43) is satisfied in this case. Then
(4.5) reads
dn =
(d+ dn)
2
D − 2
. (4.9)
This equation with the relation for total dimension
D = d0 + (n− 1)d+ dn (4.10)
form a set of Diophantus equations.
Proposition 3. The set of Diophantus equations
(4.9) and (4.10) has a solution if and only if in prime
number decomposition of D − 2:
D − 2 = pk11 . . . p
kl
l , (4.11)
there exists a power ki ≥ 2 (for some i ∈ {1, . . . , l}).
Proof. Necessity. Let us suppose an opposite:
all ki = 1 . Then (d+dn)
2 and hence d+dn is divided
by any pi , i ∈ {1, . . . , l} or, equivalently,
d+dn = rp1 . . . pl = r(D−2)→ dn = r
2(D−2),(4.12)
r ∈ N . Clearly, that (4.12) is impossible.
Sufficiency. Here we present the solution of eqs.
(4.9), (4.10). Let
ω2 = ω2(D − 2) ≡ {i ∈ {1, . . . , l}|ki ≥ 2} (4.13)
(ω2 6= ∅). We denote
s ≡
∏
α∈ω
psαα , (4.14)
where ω ⊂ ω2 and powers sα satisfy to relations
1 ≤ sα ≤
[
kα
2
]
, (4.15)
α ∈ ω ([x] is integer part of x). Then, the dimensions
dn = (D − 2)/(p
s)2, (4.16)
d = dn(p
s − 1), (4.17)
d0 − 2 = d(p
s − n+ 2) (4.18)
(3 ≤ n ≤ ps + 2 for d0 ≥ 2) satisfy eqs. (4.9), (4.10).
The proposition is proved.
The dimensions allowed by Proposition 3 are
D = 6, 10, 11, 14, 18, 20, 22, 26, 27, . . . . (4.19)
The solution (4.1) for dimensions from (4.16)-(4.18)
has the following form
g = H1/p
s
{g0 +
n−1∑
i=1
H
−2ν2
i
i g
i +H−1gn}, (4.20)
where Hi = H(i,n) , νi = ν(i,n) ,
H =
n−1∏
i=1
H
2nu2
i
i , ν
2
i = (d+
~λ2i )
−1 (4.21)
and ~λi = ~λ(i,n) , i = 1, . . . , n− 1.
Now we consider few examples.
D = 6. From (4.16)-(4.18) we get
ps = 2, d = dn = 1, d0 = 6− n, (4.22)
n = 3, 4.
In this case all d(I) = d+ dn = 2, I ∈ Ω∗ , and we
have (n − 1) 3-forms generating (n − 1) intersecting
membranes. The case d0 = 3, n = 3, g
0 = dx1⊗dx1+
dx2⊗dx2+dx3⊗dx3 , g3 = −dt⊗dt is of special interest
for ”physical applications” (xi are space coordinates,
and t is time).
D = 10. We get
ps = 2, d = dn = 2, d0 = 10− 2n, (4.23)
n = 3, 4, 5.
D = 11. In this case
ps = 3, d = 2, dn = 1, d0 = 12− 2n, (4.24)
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n = 3, 4, 5. For ~λi = 0 we obtain from (4.20) and
(4.21)
g = H1/3{g0 +
n−1∑
i=1
H−1i g
i +H−1gn}, (4.25)
where H =
∏n−1
i=1 Hi . This solution with g
n = −dt⊗dt
and flat Euclidean metrics g0, . . . , gn−1 was considered
in [19] (n = 3, 4), [20] (n = 2, 3, 4, 5) and [23] (n = 5).
4.2. Systems with maximal element
Let us consider another example
Ω∗ = {(1), . . . , (n1), I0}, (4.26)
where I0 = {1, . . . , n} is maximal element and
n1 = n− 1, n = 2k,
= n, n = 2k − 1, (4.27)
k ∈ N . We put
ε(1) = . . . = ε(n1) = −1 (4.28)
and ε(n) = 1 if n = 2k . In this case all ε(I) = −1,
I ∈ Ω∗ . For parameters νi = ν(i) , ν0 = νI0 , ~λi = ~λ(i) ,
~λ0 = ~λI0 , we have from (4.2)
(νi)
−2 = di +
d2i
2−D
+ ~λ2i , (4.29)
(ν0)
−2 =
(D − d0)(d0 − 2)
D − 2
+ ~λ20, (4.30)
i = 1, . . . , n1 . The constraints on ~λ0 , ~λi read (see
(4.3))
didj
2−D
+ ~λi~λj = 0, i 6= j, (4.31)
di(d0 − 2)
D − 2
+ ~λ0~λi = 0, (4.32)
i, j = 1, . . . , n1 .
¿From (4.1) we get the solution for the metric
g = H1/(2−D){g0 +H
−2ν20
0 ×
× [
n1∑
i=1
H
−2ν2
i
i g
i + (1 − δn1n )g
n]}, (4.33)
where
H = H
−2(D−d0)ν
2
0
0
n1∏
i=1
H
−2diν
2
i
i . (4.34)
Here Hi = H(i) , H0 = HI0 , i = 1, . . . , n1 .
The solution (4.33) with n = 2 (and one scalar
field) was considered recently in [33] (see also [32] for
special parameters). Some special cases of the n = 2
solution were considered also in [14] (D = 4), [28, 26,
29] (D = 10, d0 = 2).
We also note, that in ref. [41] the solution (4.33)
with n = 2, d1 = 1, H0 = 1, g
1 = −dt ⊗ dt and
flat Euclidean metric g0 was generalized to the case of
non-zero cosmological constant Λ. The solution [41]
for certain couplings describes a collection of multi-
dimensional extremal dilatonic black holes ”living” in
expanding Universe (in the presence of Ricci-flat inter-
nal space).
4.3. Dual representation. Monopole
Any F I -term in the action (2.1) may be presented in
the following form
exp(2~λI ~ϕ)(F
I)2 = exp(−2~λI ~ϕ)(⋆F
I)2εg, (4.35)
where
⋆ F I ≡ exp(2~λI ~ϕ)(∗F
I), (4.36)
∗ is Hodge operator corresponding to the metric g and
εg = sign(det(gMN )) = ±1. The equations of motion
corresponding to F I read as Bianchi identities for ⋆F I
and vice versa
d(exp(2~λI ~ϕ) ∗ F
I) = 0⇔ d(⋆F I) = 0, (4.37)
d(exp(−2~λI ~ϕ) ∗ (⋆F
I)) = 0⇔ dF I = 0, (4.38)
(the representation ⋆F I = dA¯I exists at least locally)
I ∈ Ω∗ .
The term ⋆F I0 (I0 = {1, . . . , n}) is the form of
rank d0 − 1 and usually is interpreted as monopole.
The calculation gives
(⋆F I0)µ1...µd0−1 = exp(2
~λI0 ~ϕ+ 2(d0 − 2)γ)ε(I0)×
×
√
|g0|εµ1...µd0 .▽
µd0 [g0]ΦI0 (4.39)
(see relations (3.33) and (3.42) ).
4.4. D = 11 supergravity
Let us consider the case: D = 11, ~λI = 0, I ∈ Ω.
From (4.2), (4.3) we have the following possibilities
{d(I), d(J)} = {3, 3}, {3, 6}, {6, 6} (4.40)
if d(I ∩ J) = 1, 2, 4 respectively and 2ν2I = 1, I, J ∈
Ω∗ . Using the rules (4.40) we may list all possible
sets Ω∗ , or collections of overlapping 2-branes and 5-
branes [19, 18, 20]. In this case the relation for the
metric (4.1) is nothing more than Tseytlin’s ”harmonic
function rule” [19] obtained from supersymmetry argu-
ments.
The 4-form
F4 =
∑
I∈Ω∗, d(I)=3
F I +
∑
I∈Ω∗, d(I)=6
∗F I , (4.41)
satisfies the field equations of D = 11 supergravity
d ∗ F4 = F4 ∧ F4 (4.42)
8 V.D. Ivashchuk and V.N. Melnikov
due to relation F4 ∧ F4 = 0, equations of motion and
Bianchi identities for F I , I ∈ Ω∗ .
We note, that all solutions in D = 11 supergravity
with overlapping 2- and 5-branes (d(I) = 3, 6), con-
sidered in literature (see [19, 18, 20] and refs. therein),
may be readily incorporated into considered scheme.
For example, three 5-brane solution [19] corresponds to
n = 4, d0 = 3, d1 = d2 = d3 = d4 = 2, ε(1) = ε(2) =
ε(3) = −ε(4) = 1, Ω∗ = {(2, 3, 4), (1, 3, 4), (1, 2, 4)} .
Here we present an interesting special solution of
D = 11 supergravity
g =
( ∏
I∈Ω∗
HI
)1/3
×
×
{
g0 −
7∑
i=1
( ∏
I∈Ω∗, I∋i
H−1I
)
dyi ⊗ dyi
}
, (4.43)
defined on the manifold M0×R7 . In (4.43) (M0, g0) is
Ricci-flat 4-dimensional manifold of signature (+,−,−,−)
and
Ω∗ = {(1, 3, 5), (1, 2, 6), (2, 3, 4),
(1, 4, 7), (2, 5, 7), (3, 6, 7), (4, 5, 6)} (4.44)
(Clearly that the condition (3.43) is satisfied in this
case.) This solution describes seven intersecting Eu-
clidean membranes.
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